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The entanglement of an optically generated electron-hole pair in artificial quantum dot molecules
is calculated considering the effects of decoherence by interaction with environment. Since the
system evolves into a mixed states and due to the complexity of energy level structure, we use the
negativity as entanglement quantifier, which is well defined in d ⊗ d′ composite vector spaces. By
a numerical analysis of the non-unitary dynamics of the exciton states, we establish the feasibility
of producing protected entangled superpositions by an appropriate tuning of bias electric field, F .
A stationary state with a high value of negativity (high degree of entanglement) is obtained by
fine tuning of F close to a resonant condition between indirect excitons. We also found that when
the optical excitation is set approximately equal to the electron tunneling coupling, Ω/Te ∼ 1,
the entanglement reaches a maximum value. In front of the experimental feasibility of the specific
condition mentioned before, our proposal becomes an useful strategy to find robust entangled states
in condensed matter systems.
PACS numbers: 73.21.La, 73.40.Gk, 03.65.Yz
I. INTRODUCTION
Semiconductor quantum dot molecules (QDMs) driven
by coherent pulses have been extensively suggested as
promising candidates for physical implementation of solid
state quantum information processing1,2. The possibil-
ity of selective control of the electronic occupation and
a controllable energy spectrum are the major character-
istics which allow QDMs to be viable for the realization
of universal quantum computation3. The flexibility of
quantum dots (QDs) as quantum information systems
has been proven by successful implementation of control-
lable operations on charge4 and optical qubits5,6.
In addition to a feasible qubit physical implementa-
tion, quantum entanglement is a fundamental nonlo-
cal resource for quantum computation and communica-
tion. Although there are several theoretical approaches
proposing methods for direct measurement of entangle-
ment7,8, its experimental quantification remains elusive.
Optically induced entanglement of excitons has been
performed in single QDs9 and QDMs10, where interac-
tion between particles and interdot tunneling are the
key mechanisms for the formation of entangled states.
Several theoretical calculations have proposed different
strategies to obtain exciton states in QDMs with a
high degree of entanglement11–13. Also, the electron-
hole entanglement can be efficiently tuned and optimized
through the proper choice of interdot separation, QD
asymmetry and by the action of an electric field applied
in the growth direction14,15.
In ideal conditions, the QDM undergoes unitary evo-
lution, the quantum entanglement is not affected by de-
coherence and its calculation can be easily performed by
using Von Neumann entropy13,14. However, a system is
unavoidable coupled with the environment which leads to
degradation of quantum coherence. In these conditions,
the system evolution is non-unitary and the decoherence
effects cause deterioration of the entanglement and will
be detrimental for production, manipulation and detec-
tion of entangled states. For QDMs the main decoherence
channels are the radiative decay of excitons and exciton
pure dephasing which is important even at low tempera-
tures16. The definition of a computable quantifier of en-
tanglement for general mixed states in open quantum sys-
tems has been a challenge for the last decades17. Among
the diverse bipartite entanglement measurements, en-
tanglement of formation18 and concurrence19 are well-
defined and extensively used to evaluate the entangle-
ment of mixed bipartite in 2⊗ 2 systems. An alternative
measure for mixed states is negativity, N (ρ), first pro-
posed by Vidal and Werner20, which overcomes the limi-
tations of other measurements and allows to calculate the
degree of entanglement for general d⊗d′ composite vector
spaces21. It is important to mention that, in the context
of QDMs, electron-hole entanglement was previously in-
vestigated using the von Neumann entropy ignoring the
essential effects of decoherence13–15.
In this paper, we investigate the entanglement degree
of electron-hole pairs created in QDMs by the incidence
of coherent radiation considering spontaneous exciton de-
cay and pure dephasing as main decoherence sources.
The degree of entanglement in the asymptotic regime
is evaluated through the negativity N (ρ) as a function
of controllable physical parameters, exploring the condi-
tions which maximize the entanglement degree. Our re-
sults show that the system evolves to asymptotic states
induced by dissipative mechanisms which are superposi-
tions of indirect exciton states. For experimentally acces-
sible conditions, such states have a long lifetimes22 and
high degree of entanglement.
II. DESCRIPTION OF THE SYSTEM
We consider a QDM composed by two asymmetric QDs
vertically aligned and separated by a barrier of width d.
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2The electron-hole occupation is controlled by the inter-
play of tunneling coupling, optical excitation and gate
potentials. Due to structural asymmetry of QDs, the en-
ergy levels of each carrier become resonant for specific
values of an external electric field F applied along the
growth direction of the QDM. A careful growth engineer-
ing along with the natural QDM asymmetry allows the
design of samples with selective tunneling of electrons or
holes23.
In order to investigate the entanglement between elec-
tron and hole, we model our system using a compos-
ite particle position basis |XeT,hTeB,hB 〉 = |eTeB〉 ⊗ |hThB〉, where
eT(B), hT,(B) represent the occupation number of elec-
trons and holes in each level in the top (T) or bottom
(B) QD, respectively10,24,25. The QDM is driven by a
low-intensity continuous wave laser, such that only the
ground-state exciton can be formed. The occupation of
the electron or the hole in each QD should be 0 or 1,
where the value 0 (or 1) represents the absence (presence)
of the carrier in the QD. For instance, the ket |X1001 〉 repre-
sents an indirect exciton state, with one electron occupy-
ing the top QD and one hole in the bottom QD. Thus, the
QD position index encodes the information of a specific
quantum state and the complete basis set of the com-
posite system H = He ⊗ Hh is comprised by 16-states.
Considering only the optical active transitions, tunnel-
ing of electrons and holes and assuming that the QDM is
initially uncharged, the QDM system is described using
the composite basis {|X0000 〉, |X0011 〉, |X1001 〉, |X1100 〉, |X0110 〉,
|X1111 〉}. Under electric-dipole and rotating-wave approx-
imations and after removing the time dependence, the
resulting Hamiltonian is given by
H =

0 Ω 0 Ω 0 0
Ω δ00
11
Te Vf Th Ω
0 Te δ10
01
−∆F Th 0 0
Ω Vf Th δ11
00
Te Ω
0 Th 0 Te δ01
10
+ ∆F 0
0 Ω 0 Ω 0 δ11
11
+ VXX
 ,(1)
where δeT,hT
eB,hB
is the detuning of the incident laser and
the exciton states, ∆F = eFd is the Stark energy shift
on the indirect excitons26, being d the barrier thickness
between the QDs. Te(h) describes the single-particle in-
terdot tunneling for electrons (holes), Vf is the interdot
coupling between direct excitons via the Fo¨ster mecha-
nism, and VXX accounts for direct Coulomb binding en-
ergy between two excitons, one located on each dot27,28.
The optical coupling is given by the parameter Ω, which
depends on the laser intensity and oscillator strength of
allowed optical transitions.
For numerical calculations we use the exciton bare en-
ergies and coupling parameters given in Refs.23,24 for an
InAs/GaAs QDM. Figure 1a) shows the eigenvalues of
Hamiltonian (1) as a function of electric field F , for
Ω = 4meV and d = 8.4meV. The energy levels consist
of direct exciton states, weakly dependent on the electric
field F , and indirect exciton states, which are strongly
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FIG. 1. (color online) Left panel: Energy eigenvalues of
Hamiltonian (1) as a function of electric field F , for Ω =
4meV, Vf = 0.08meV, Te = 20Th = 2meV, VXX = −5meV
and d = 8.4meV. Right panel: Zoom of the dashed area in
panel a), showing the energy eigenvalues near to F = FI which
corresponds to the anticrossing condition between the indi-
rect exciton states. For simplicity, we label the exciton vac-
uum |X˜0000 〉 and indirect exciton states (|X˜0110 〉, |X˜1001 〉) levels
according to their dominant character for large F .
dependent with F . Direct and indirect exciton states are
coupled by tunneling and exhibit large anticrossings. At
well-defined values of F , it is important to note the aris-
ing of small anticrossings, labeled as A and B in Fig. 1a).
These anticrossings correspond to coupling between exci-
ton states of the same kind. For instance, the anticross-
ings identified as Add and A
′
dd are related to the coupling
between direct exciton states (intradot excitons). From
here on, we focus our attention at anticrossing labeled as
Bii. In Fig. 1b), we show the detailed structure of anti-
crossing Bii which involves the two indirect exciton states
and the vacuum state. The indirect exciton states (in-
terdot excitons) |X˜0110 〉 and |X˜1001 〉 are effectively coupled
at field value F = FI. This particular value of the elec-
tric field is obtained through of the resonance condition
between indirect bare excitons: δ1001 −∆F = δ0110 + ∆F .
Although the coupling mechanism between indirect ex-
citon states cannot be distinguished directly from Hamil-
tonian (1), this is a result of the combined action of both,
electron and hole tunnelings. This can be checked by pro-
jecting out the direct exciton states of the total Hamil-
tonian to obtain the effective coupling between indirect
excitons which is found to be proportional to TeTh. It
is also found that the effective coupling between the vac-
uum state and indirect excitons is nearly proportional
to ΩTe(h). A detailed analysis of the underlying mecha-
nisms behind of indirect excitons coupling will shed light
on the optimal construction of robust entangled states.
III. ENTANGLEMENT IN QDM
The anticrossings of type A and B are directly related
to the emergence of strong electron-hole entanglement
as shown in Refs. 13 and 15. In closed quantum sys-
tems, this assertion is proven through the calculation of
3von Neumann entropy, defined as S = −Trρe log2 ρe =
−Trρh log2 ρh, where ρe,(h) = Trh,(e)(ρeh) is the re-
duced density matrix for electron (hole). For a sys-
tem whose dimension is d, the maximum value of en-
tropy is Smax = log2(d), which corresponds to max-
imally entangled states. In closed quantum systems,
the density matrix of the composite electron-hole sys-
tem, ρeh, is obtained from the von Neumann equation:
i~ ∂∂tρeh = [H, ρeh]. The entropy S calculated as a func-
tion of electric field F is composed by narrow peaks lo-
cated at field values where the anticrossings of type A
and B occur13.
We perform a numerical calculation of entropy S for
optical excitation Ω = 4meV at field values correspond-
ing to anticrossings of type A and B. At values of F
where anticrossing of type Add occurs, the obtained en-
tropy S is approximately 55% of Smax. At F = FI , corre-
sponding to indirect states anticrossing Bii, the von Neu-
mann entropy S attains 75% of its maximum value Smax.
This high degree of entanglement observed at anticross-
ing Bii is interesting for two reasons: i) indirect exciton
superpositions with large entanglement in QDM can be
engineered at F = FI by a suitable choice of hamiltonian
parameters, and ii) in previous work22, we proved that at
the condition F = FI, the system evolves to an asymp-
totic superposition of vacuum and indirect exciton states,
which is protected against decoherence. At this point, it
is important to stress that the controlled production of
entangled states as robust quantum superpositions is one
of the key ingredient in the design of any quantum infor-
mation system. Whereas the emergence of robust states
in QDM is determined by the competitive effects of de-
coherence and tunneling, it is necessary to determine if
the large values of entanglement are preserved under the
same decoherence mechanisms. Establish the conditions
for a controlled generation of entangled states protected
against decoherence is the goal of the next section.
In order to investigate the dissipative effects on the ex-
citon dynamics and entanglement, we solve the Liouville-
Von Neumann-Lindblad equation given by:
i~
∂
∂t
ρeh (t) = [H, ρeh (t)] + i~L(ρeh (t)). (2)
Here, the Liouville superoperator, L(ρ) = LD(ρ) +LI(ρ),
which describes dissipation effects due to recombination
and pure dephasing mechanisms for direct (D) and indi-
rect excitons (I), can be written as:
LD(I) =
∑
j
Γ0D(I)
2
(2|v〉〈j|ρ|j〉〈v| − |j〉〈j|ρ− ρ|j〉〈j|) +
∑
j
γD(I) (2|j〉〈j|ρ|j〉〈j| − |j〉〈j|ρ− ρ|j〉〈j|) , (3)
where the index j runs over the direct exciton states
for LD(ρ) and indirect exciton states for LI(ρ). Γ
0
D(I)
is the decoherence rate associated to spontaneous de-
cay from the optical excited state |j〉 to exciton vac-
uum |v〉 ≡ |X0000 〉, while γ describes pure dephasing in
each excitonic level |j〉. We use the effective rates given
by ΓD(I) = Γ
0
D(I)/2 + γD(I) and ΓI = 10
−3ΓD, where
ΓD = 10µeV
16,29.
Nowadays, the determination of a general entangle-
ment measurement for open quantum systems is the
subject of an intense theoretical debate, particularly for
Hilbert spaces of dimension d ⊗ d (d > 2). Several en-
tanglement quantifiers for mixed states have been pro-
posed, whose algebraic implementation involves different
degrees of complexity. In order to determine the degree
of entanglement for our multilevel QDM considering de-
coherence effects we use the measure known as negativ-
ity, N (ρ), which is well defined for arbitrary dimension
d and whose calculation is obtained from the numerical
solution of (2). The negativity for a general composite
A−B system of dimension d⊗ d is defined as20,21
N (ρAB) =
∥∥∥ρTAAB∥∥∥
1
− 1
d− 1 , (4)
where ρTAAB is the partial transpose of a state ρAB with re-
spect to subsystem A and ‖·‖1 represents the trace norm.
The negativity, as defined in (4), is normalized so that
the maximum value of negativity is Nmax = 1.
The evolution of the system to an asymptotic exci-
tonic superposition at F = FI is verified by solving nu-
merically the equation system (2). Figure 2 shows the
populations, Pj = ρjj(t) of the j state, for two different
initial states ψ(t = 0). The upper panel corresponds to
the case when the system is initially prepared in exciton
vacuum state ψ(t = 0) = |X0000 〉 and the lower panel is
for one of the maximally entangled states of our system
ψ(t = 0) = |φ+〉 = 12 (|X0000 〉 + |X1001 〉 + |X0110 〉 + |X1111 〉)30.
In both cases we use the coupling Ω = 10meV and
FI = 0.64kV/cm. On a short-time scale, the popula-
tions exhibit fast oscillations compatible with their cor-
responding initial states. For sufficiently long times,
t  1/ΓD, each population reaches the same station-
ary value independent of the choice of the initial state.
For the particular set of parameters used in this calcu-
lation, the system evolves to an asymptotic state ρst
formed mainly by a superposition of indirect excitons
with PX˜1001
∼ PX˜0110 ∼ 0.48, and a small contribution of the
vacuum. We can compare the steady state ρst with the
pure superposition |ψp〉 = 1√2
(|X0110 〉+ |X1001 〉) through
the fidelity F = Tr (ρst, ρp), which gives F ∼ 96 %. On
the right axis of Fig. 2 we show the negativity (red solid
line) as a function of time. For asymptotic time scales,
the negativity reaches a constant value (N ∼ 0.45) in-
dependently of the choice of the initial state. The ro-
bustness of entanglement is a remarkable result because
it demonstrates the feasibility of producing protected en-
tangled states by a simple tuning of the electric field at
F = FI.
We continue examining the entangled asymptotic
states in Fig. 3a), where we show the time evolution of
negativity for several choices of optical coupling. Again,
for sufficiently long times, when the system reaches its
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FIG. 2. (color online). Time evolution of populations Pj(t)
for two different initial states (left axis) and negativity N (t)
(right axis) in red solid line. The system evolves to a superpo-
sition of indirect excitons with a small contribution of exciton
vacuum. The optical excitation is Ω = 10meV, the remain-
ing of parameters are the same used in Fig. 1. The indirect
exciton resonance condition is obtained at FI = 0.64kV/cm.
stationary regime, the negativity evolves to a steady
value, Nst. Some interesting facts should be pointed out:
i) likewise the exciton population, the stationary behav-
ior of negativity is a direct consequence of the actions
of decoherence processes. ii) the time required to reach
the stationary value Nst is a linear increasing function
of Ω with an approximate slope ∼ T/Γ0D, iii) conversely,
Nst does not exhibit a linear dependence with Ω. To
achieve a better comprehension of the relation between
the stationary negativity Nst and optical excitation, in
Fig. 3b) we show Nst as a function of Ω for F = FI
and considering the same parameters used above. For
small optical excitations, the asymptotic negativity Nst
increases almost linearly with Ω up to a maximum value.
Then, the degree of entanglement decays as Ω continues
to increase. For the particular set of parameters used in
the calculation, the maximum value of Nst is obtained at
Ω = Ωm ≈ 4meV.
It is also interesting to show the relation between the
degree of entanglement and the asymptotic states of the
system. Analyzing the density matrix elements, we ver-
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FIG. 3. (color online). a) Negativity as a function of time
for different optical excitations Ω. For long-time dynamics
the negativity reaches a stationary value Nst. b) Asymptotic
negativity, Nst, as a function of optical coupling parameter.
c) Nst as a function of QD separation d for different values
of Ω. In this case, the value of FI and tunneling parameters
are calculated for each value of d. For comparison with above
results, the vertical dashed line indicates the distance d =
8.4nm.
ify that the asymptotic state has a general form given by
|ψa〉 ∼ c0|X0000 〉+ c1|X1001 〉+ c2|X0110 〉 with small contribu-
tions of other states. Depending on the value of Ω, we
can distinguish three different behaviors: for Ω < Ωm,
the component c0 associated with vacuum is dominant
in the formation of the asymptotic state. If Ω > Ωm the
components c1 and c2 associated with the indirect exciton
5states are dominant, being approximately equal c1 ∼ c2.
For the particular case of Ω ∼ Ωm, the vacuum and the
two indirect excitons contribute in approximately equal
weight to the formation of the asymptotic state. Thus,
the long-lived state formed by the superposition of indi-
rect excitons does not necessarily lead maximum entan-
glement. In fact, when Ω is chosen such that the vacuum
is populated in the same proportion that indirect states,
we obtain maximum entanglement.
The population of indirect exciton states is controlled
by the interplay of decoherence rate and the ratio Ω/Te.
An analysis based on the effective Hamiltonian of the
reduced system formed by vacuum and two indirect ex-
citons shows that when Ω/Te ∼ 1 it is possible to pop-
ulate the vacuum and indirect states in the same pro-
portion and therefore we can obtain optimal entangled
states. To verify this assertion, in Fig. 3c) is shown Nst
as a function of the interdot distance, d, which is di-
rectly related with Te through Te ∼ e−d (Ref. 31). For
all considered optical excitations Ω, we noted that neg-
ativity reaches a maximum value at well-defined values
of the interdot separation d. These interdot distances
that optimize the negativity decreases as Ω increases.
Note that, the resonant field FI as well as the tunnel-
ing rate Te are calculated for each value of d. Thus, for
Ω = 2meV, the maximum value of negativity is obtained
when d = 8.1nm, the corresponding electron tunneling
rate is Te = 2.5meV, resulting in Ω/Te = 0.8. Similar
results are obtained for Ω = 4meV (Ω/Te = 1.1), and
Ω = 10meV (Ω/Te = 1.09). Experimentally, the condi-
tion Ω/Te ∼ 1 can be implemented using optical spec-
troscopic techniques. To achieve a stationary state with
the maximum value of Nst using a QDM sample with
interdot separation d, one has to determine the tunnel-
ing coupling and then to adjust the optical excitation ac-
cording with Ω = Te. The experimental determination of
tunneling couplings can be done from photoluminescence
measurements of the anticrossing energy gap ∆ between
direct and indirect exciton states23,32. Following a sim-
ple two-level approximation, the tunneling coupling T
for both electrons and holes can be obtained by 2T = ∆.
We point out that for all cases studied, the hole tunneling
coupling Th does not affect significantly the dynamics of
the system.
We summarize our findings in Fig. 4, where we show
the stationary negativity Nst as a function of interdot
separation d and optical coupling Ω. The values of Nst
are calculated keeping the condition F = FI for each
interdot distance d. As discussed above, the maximum
values of Nst can be obtained following the condition
Ω ∼ Te ∼ e−d. This means that the Ω values that max-
imize the negativity must have the same dependence on
d that tunneling Te. We confirm this assertion by plot-
ting in black dashed line the same empirical relationship
used to adjust the tunneling Te = Ae +Bee
−d/De31. We
can see that for typical excitations range, the Ω values
that maximize the negativity (dark blue region) follow
approximately the same dependence on d as the tunnel-
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FIG. 4. (color online). Stationary negativity as a func-
tion of interdot separation d and Ω. Optimal entangled
superpositions of type |ψa〉 ∼ c0|X0000 〉 + c1|X1001 〉 + c2|X0110 〉
with c0 ∼ c1 ∼ c2 are obtained following the condition
Te ∼ Ω ∼ e−d displayed by the black dashed line.
ing Te.
IV. CONCLUSIONS
From the analysis of the open system, we found a
regime where it is possible to obtain superpositions of
states with a high degree of entanglement. We use this
parameter regime as a guide to investigate whether the
entanglement remains robust to the effects of decoher-
ence. In the open system, we found that the dynamics of
the QDM converges to a superposition with a high degree
of entanglement and simultaneously protected against
decoherence. From our results, it is important to re-
call that the high degree of entanglement is sustained
by the interplay of vacuum and decoherence. The role
of the vacuum state becomes clearer if we consider that
one of the maximally entangled states of the system does
not have the simple form of a Bell state, but rather
φ+ = 12
(|X0000 〉+ |X1001 〉+ |X0110 〉+ |X1111 〉). Thus, the Bii
anticrossing, involves the largest number of necessary
states for the formation of a superposition with a high
degree of entanglement. We establish the conditions that
allow obtaining a stationary behavior of negativity and
found a parameter regime that maximizes the negativity
providing a viable experimental strategy to obtain robust
entangled states in artificial molecules based on quantum
dots.
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